Abstract. It is known that there is a solution to the Riemann problem for generalized Chaplygin gas model and that it contains the Dirac delta function in some cases. In some cases, usual admissible criteria can not extract a unique weak solution as it was shown in [4] . The aim of this paper is to use a solution to perturbed generalized Chaplygin model by a small constant > 0 and obtain a its unique limit. A weak solution to the unperturbed system that equals that limit is called admissible. The perturbation is made by using the modified model of Chaplygin gas defined in [5] .
Introduction
The original Chaplygin system
was introduced as a model for a fluid passing by an obstacle (see [2] ). The model of generalized Chaplygin gas appears in a number of cosmology theories as a compressible fluid with a pressure inversely proportional to a gas energy density, = − / , > 0, 0 < < 1, see [1] . It is used as a model for the dark energy in the Universe. (We will use = 1 in the rest of the paper for simplicity.) The system consists of the mass and momentum conservation laws Let us briefly give the properties of the system. It is a strictly hyperbolic system with the eigenvalues 1 
and appropriate
Using the standard procedures one can find rarefaction curves:
and shock ones:
Shock speeds for points at both curves 1 and 2 are given by
where + sign is for 2 and − for 1 . A solution to the Riemann problem
for (1.1) is given as a combination of the elementary waves for the points ( 1 , 1 ) above and on the curve
Below that line there are no classical solutions. One can use shadow waves [3] in order to solve the problem there. These waves are approximate solutions to balance law systems. In [4] the following lemma is proved Lemma 1.1. There exists a simple shadow wave written in the form
that solves (1.1) with the initial data (1.2) if and only if
The speed is given by 
The solution (1.4) converges to
in the distributional sense as → 0.
"Solve" here means that a distributional limit of the left-hand sides in (1.1) with ( , ) substituted by a net (1.4) equals zero as → 0.
In order to get a unique solution to the given Riemann problem, one has to exclude all points ( 1 , 1 ) satisfying (1.5) above the line Γ by an admissibility criterion. The usual one, overcompressibility,
, is not enough. In [4] , one can find a better condition made by using Lax entropy pairs, but there are still points above Γ for which one cannot know whether they are admissible or not.
Our aim is to perturb the second equation in (1.1) by adding a small term depending on such that we get a modified Chaplygin model described in [5] . Then, we expect that → 0 will recover the above shadow wave solution only below the curve Γ . That could be used as a new admissibility criterion. One can see a similar procedure for the original Chaplygin system in [6] .
Modified Chaplygin gas model
We will use the following perturbation of the system (1.1) based on the model from [5] by letting the positive parameter in the flux function vanish (2.1)
Let us assume initial data (1.2) for the system. Such Riemann problem has a unique solution in the physical domain > 0, ∈ R given as a combination of elementary waves. Let us briefly describe those solutions.
We have a strictly hyperbolic system with the eigenvalues 1 = − √︀ + −(1+ ) ,
. Both fields are genuinely nonlinear for ∈ (0, 1) and small enough.
Perturbed rarefaction curves are given by (2.2)
Perturbed shock curves are (2.3)
A shock speed for a point ( , ) at the curve 1 or 2 is given by
A solution to the Riemann problem
for (2.1) is given as a combination of the elementary waves for all points ( , ) ∈ R + × R contrary to the case of generalized Chaplygin gas (1.1). That is the main difference between (1.1) and (2.1). One can find an illustration in Figure 2 : grey lines represent non-perturbed rarefaction and shock curves, the black line is Γ . Note the important fact: 1, crosses the line Γ .
One could see that all perturbed and -curves tend to unperturbed ones, but with one significant difference. The perturbed 2 -curve lies sufficiently below the critical curve Γ so one could expect that it could be possible to obtain a 1 + 2 solution to (2.1) below the critical curve. One can see an illustration in Figure 3 . Unlike the original system we have the following lemma. 2) has a unique entropic solution consisting of a combination of shocks and rarefaction waves.
As → 0 the solution tends to the one to (1.1). Additionally, it converges to the shadow wave solution (1.4) if and only if ( 1 , 1 ) lies below the curve Γ .
Proof. Proof for all areas but the one between 1, and 2, curve is almost the same as for the original system (1.1). We will present a proof for that area here.
First, we will prove that any point ( 1 , 1 ) between these lines can be connected to ( 0 , 0 ) by a combination of two shocks. Let us denote a middle state by ( , ). It is a solution to the following system of equations
Thus, the value is a solution to the equation 1 ( ) = 2 ( ), where
One can see that
1 (∞) = ∞ so there exists a unique solution to the equation = 1 ( ) = 2 ( ). Immediately, one sees that is increasing and goes to infinity like const / as → 0. The value of is then uniquely defined, too. We will now prove that a distributional limit of a shock combination 1, + 2, is the same as a limit of the shadow wave solution to the unperturbed system (1.1).
Denote by 1, a speed of a shock wave connecting ( 0 , 0 ) with ( , ) and by 2, a speed of a shock wave connecting ( , ) with ( 1 , 1 ). Using the relations
. One can find from these relations, = 2 − − 0 , where that equals from (1.6). Also lim →0 , = lim →0 = , = 1, 2, with from (1.6). That means that the distributional limit of the solution to (2.1) for ( 1 , 1 ) below Γ equals the distributional limit of (1.4). Above that curve the limit is 1 + 2 .
Thus, this theorem could be used as an admissibility condition for eliminating unwanted shadow waves above the curve Γ .
An approximate solution to (1.1) is admissible if and only if a classical solution to (2.1) converges to the same distribution.
